Propagation and spurious reflection in finite-element approximations of hyperbolic equations  by Vichnevetsky, R.
Comp. & Maths. with Appls. Vol. 11. No. 7/8, pp. 733-746, 1985 0097-4943/85 $3.00 + .00 
Printed in Great Britain. © 1985 Pergamon Press Ltd. 
PROPAGATION AND SPURIOUS REFLECT ION IN 
F IN ITE-ELEMENT APPROXIMATIONS OF  
HYPERBOLIC  EQUATIONS 
R. VICHNEVETSKY 
Rutgers University, New Brunswick, N.J. 08903, U.S.A. 
Abstract--There are a variety of spurious phenomena in the numerical simulation of wave propagation 
which manifest themselves by the appearance of short-wavelength oscillations near discontinuities and 
computational boundaries. 
The appropriate tool for the description of those phenomena is that given by Fourier analysis. In 
particular, introduction in the analysis of the concepts of energy propagation and group velocity (from 
mathematical physics) produces a set of particularly interesting results. 
The corresponding mathematics have been reasonably well described in the recent literature for 
usual finite-difference schemes. But several new aspects present hemselves in the numerical schemes 
based on finite-element methods. We will, in this paper, examine wave propagation i  the numerical 
approximation f hyperbolic equations obtained with the linear finite-element-Galerkin method, pointing 
out where the corresponding properties differ from those of finite differences. 
In particular, it will be shown that 
- -The energy conserved in finite-element schemes is not the usual square of the /2 norm (as it is 
with finite differences). 
- -The expression of this energy is given by a modified form of Parseval's relation. 
- -Group velocities of rightgoing and leftgoing solutions corresponding to the same frequency are 
not equal. 
Illustration of spurious reflection at downwind boundaries, upwind boundaries and at interfaces in mesh 
refinement are given together with their mathematics. 
1. PROPAGATION PROPERT IES  OF F IN ITE-ELEMENT SOLUT IONS 
1.1. Basic relations 
We consider as a model the simple hyperbolic equation 
OU OU 
- -  + c - -  = 0 (c>O)  (1)  
Ot Ox 
approximated with the linear finite-element-Galerkin method on a regular net. The correspond- 
ing semidiscrete approximation of (1) is the implicit system 
- - - +  = - -C  ' 
6 \ dt dt dr ~ ' 
u,,(t) -- U(nh, t). 
(2) 
Fully discrete schemes are obtained when a discrete time-marching algorithm is applied to that 
system. This may be expressed in operator notation as 
( ) M ul , - i  + 4u  i, + u~,+L = -c  • 
6 ~ ' 
u{, = U(nh, jAt) .  
(3) 
For simplicity we shall restrict our attention to the Crank-Nicolson scheme, for which 
2 Z -  1 
(4) 
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where Z is the usual time-shift operator, defined by 
u~ +~ -= Z '  uJ,. (5) 
1.2. Wave propagation 
The standard test for the existence of wave propagation in a discrete-space-discrete-time 
structure, such as that described by (3), consists of using sinusoidal trial solutions 
u J. = e i'jat+¢"h~. (6) 
It is found that such solutions are admitted, provided that to and ~ are related by the dispersion 
relation 
c 3 
Ix(to) = - .  sin (~h) • (7) 
2 (~h)' n + cos 
where Ix(to) is the spectral function or symbol of the operator M, defined by 
ilx(to) =- (M(Z) • ei'~Ja')/e ''°ja' = M(ei°'a'). (8) 
For the Crank-Nicolson method (4), 
Ix(to) = (2/At) tan (toAt/2). (9) 
That the dispersion relation (7) is nonlinear implies dispersion. That is, wave packets of frequency 
to propagate at the group velocity 
G = -dto/d~ (10) 
and not at the phase velocity 
c* = - to /~.  (11) 
1.3. Fourier transforms and energy propagation 
Although sinusoidal trial solutions of the form (6) allow for the derivation of general 
propagation and reflection properties, they fail to provide exact energy results. It is of interest 
to be able to obtain such results in a form which is compatible with the mathematics of numerical 
analysis. This objective is reached when the analysis is recast with functions of finite energy, 
and Fourier transforms are used instead of sinusoidal trial solutions. Moreover. the discrete 
definition of {uJ,} requires that discrete Fourier transforms be used. The/2-norm of the discrete 
set {uJ,} at the time tJ is defined as 
(12) 
The discrete x-Fourier transform of {uJ,,} (assumed to be of finite/.,-norm) is given by 
u-7(~) = h ~ u~, e-'~"h. 
n 
(13) 
The square of (12) is an invariant in the numerical approximations o f ( l )  with simple finite 
differences (instead of finite elements), and it is the natural norm which applies to the analysis 
of reflection and propagation through discontinuities of the corresponding solutions of ( 1 ). (See 
e.g. Refs. [15] and [21].) 
But in the present case, where we are concerned with finite elements, the quadratic norm 
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Fig. 1. Dispersion relation of finite-element/Crank-Nicolson schemes for different values of the Courant 
number R = cAt/h. 
which is an invariant is not IPuJll~ but is 
- -  h 
n 
+ 4u~ + u~+l~ 
6 ) ' (14) 
and we shall refer to this quantity as the energy of u. 
To show that ~ is an invariant for solutions of (3) on ( - oc, ~) (which are called solutions 
of the Cauchy problem), we multiply that equation by (u~, ÷ ~ + uJ,) and sum for all n E ( - ~c, 
zc) to obtain, simply, 
t~+] - c~ = 0. (15)  
To obtain this result, it is necessary to assume that u~ = 0, which is the case for numerical 
solutions of finite /.,-norm. The same result holds true in the semidiscrete case described by 
(2). One then multiplies that equation by 2u, and sums over all n to obtain 
d~,/dt = 0, (16) 
where t,, is given by (14), with {u,(t)} simply replacing {u~,}. Although ~, is a constant in ( -  ~, 
:c), this need not be the case when finite domains are considered. It is then the case that c, 
may change by means of energy flows across computational boundaries. This is precisely the 
process which comes into play in the analysis of spurious reflection phenomena. 
The expression of ~,, in x-Fourier space is the modified form of Parseval's relation: 
c,, = pu(~)l z (17) 
at) 3 rr 
The discrete t-Fourier transform of {u1,,} is defined as 
~,(to) = At ~,  uJ,, e -'~a'. (18) 
n 
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Fig. 2. Group velocity of finite element/Crank-Nicolson chemes (as a function of wave number ~) for different 
values of the Courant number R = cAt/h. 
If {u~} is a solution of (3), then it is found--by taking the t-Fourier transform of that 
equation and solving the corresponding characteristic equation--that it may be decomposed as
the sum of two fundamental types of solution, 




Fig. 3. Group velocity of linear finite element schemes (R = O) as a function of the frequency t~. Shown for 
comparison is the group velocity of the simple central finite-difference case (see e.g. Ref [15]). 
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whose Fourier transforms atisfy (with 12 ~ ~(to)h/c) 
737 
p~+,(to) 2i12 + 3~,/1 - .~12-" 
~,(to) 3 + i12 
-= /~'p(IX(to)) (20a) 
and 
~',+,(~o._.....~) _ -2i12 + 3X/1 - .~122 _= /~q(P'(to)), 
~',(to) 3 + i12 
(20b) 
respectively. 
One may then write the dispersion relation as 
e ~,~ = /%,(Ix(to)), (21a) 
e ~g¢~ = ~'q(Ix(to)), (21 b) 
from which the group velocities can be derived: 
dto 
Gp . . . .  3c 
d~p 
dto 
G~ . . . .  3c 
d~q 
1 + .~122 "V'I - ½'122 cos z (toAt/2) (t>0), 
2 + V~I - ~12-" 
1 + ~122 "VII - ½122 cos 2 (toAt/2) (~<0). 
-2  + X/l - ]122 
(22a) 
(22b) 
Both group velocities vanish when 
12 /> "v~ or to /> (2/At) arctan (~¢/3 R/2) =-- to, (23) 
(R = Courant number = cAt~h) where to, is called the cutoff frequency. No energy may be 
propagated, in the discrete medium represented by (3), by a sinusoidat wave of frequency greater 
than or equal to to,. (the following is thus to be understood to hold for itol < to, only). 
Solutions of p-type have positive group velocities: They are rightgoing solutions and are 
consistent approximations of genuine solutions of the original equation (1). Solutions of q-type 
have negative group velocities. They are leftgoing solutions and are entirely spurious. These 
two types of solutions are separated in x-Fourier space by the wave number ~ = 27r/3h (or the 
wavelength = 3h). Solutions of p-type are restricted to the low wave-numbers band 
[0, 2w/3h) (or X r ~ (3h, zc)). (24a) 
Solutions of q-type are restricted to the high wave-numbers band 
II~ql E (2rr/3h, ~r/h} (or h,, ~ [2h, 3h)), (24b) 
and they have a characteristic saw-toothed appearance (see e.g. Fig. 4). 
That leftgoing and rightgoing solutions are separated in x-Fourier space also results in an 
elegant separation of the energy 
If_,,,.~h f_,h ] 2 + cos(l~h) dl~ 
~,, = + lu(~)l-" 
~'0 ~, 3h 3 ~r 
= ~, + c,~, (25) 
where ~p is the rightgoing component of the energy, and ~,t is its leftgoing component. As for 
( , .  both el, and ~ are invariant, except for flows across boundaries. Moreover. when a dis- 
continuity is present, energy is exchanged between t~, and (,~. 
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¢ = 2 .  
t ~ 4 .  
t ~ 6 .  
Fig. 4. Numerical experiment illustrating the spurious dispersion of finite-element solutions: An initial function 
consisting of a smooth component (~h - 0) and a saw-toothed component (~h = rr) is decomposed in time 
into these two components. The rightgoing component travels at the group velocity Gt~ ~ 0) ~ c, and the 
leftgoing component travels at the group velocity G(~ ~ n /h)  -~ -3c .  
The energy flow carried by a sinusoidal wave across a fixed point in space is equal to the 
local energy density of that wave times the group velocity. Expressing this for the flow of ep 
results in 
~o* = ]~o(o~)[ 2 cX/1 - ~2 . cos: - -  (26) 
"/T 
which is the total energy carried by a rightgoing solution across Xo, and, likewise, 
~o = I~0(to)[ 2 c%/1 - .~lfi, 2 • cos-" - -  (27) 
71' 
for the energy carried by a leftgoing solution across that point. In these expressions, 
cN/l - .~2 . cos 2 (coAt/2) --= W(to) (28) 
is the real part of the characteristic admittance (or inverse of the characteristic mpedance) of 
the discrete-space-discrete-time medium described by (3). It may be decomposed as the product 
of the two terms which describe the effect of space and time discretization, respectively: 
W(to) = W~(~(to)) - Wa,(eo), 
W,(p,(to)) ~-- c~/ l  - ~12'-, (29) 
W.~t((D ) ~ COS 2 (toAt/2) = dto/dtx. 
2. 
1. 
l-mite-element approximations of hyperbolic equations 
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Fig. 5. Graph of the dispersion relation showing the separation of leftgoing and rightgoing solutions in 
x-Fourier space. During reflection, to a solution of one type there corresponds a solution of the other type 
with the same frequency to. Shown for comparison is the same graph for the central finite-differences case 
(from Ref [15]). 
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1.4. A relation between x- and t-Fourier transforms 
Expressing the relation between x- and t-Fourier transforms of a solution of the discrete 
equations is a complex process, since it involves what amounts to solving analytically these 
equations. But a simple relation between these transforms can be obtained by invoking energy 
conservation. This was done in [15] for the case of semidiscrete finite-difference equations and 
may be easily shown to also apply to the present case. 
Consider the following situation: An initial rightgoing solution {p0} is imposed in x < x0, 
t = t °. Its energy is expressed by (25). As t --* ~, this solution has crossed the point Xo, and 
the energy flow across that point is given by (26). Energy conservation requires that these two 
quantities be strictly equal. Expressing both in the same Fourier space (by means of the dispersion 
relation) then results in 
I~0(to)" Gp(oJ)[ = [~'(~)l, (30) 
which relates the amplitude of the Fourier transform of the solution in x = x0, t > t o to that 
of its source given in x < Xo, t = t °. This relation is indispensable in those applications where 
one wants to express reflection at boundaries and interfaces in response to solutions specified 
by initial data. 
It should be noted that both ~0(co) and p"~(~) in (30) are the Fourier transforms of discrete 
sets defined on half-spaces (t > t o and x < x °, respectively). That the standard properties of 
Fourier transforms of sets defined on ( -  ~,  ~) continue to apply strictly in this case may be 
verified by simply assuming that all functions continue to exist on ( - ~, ze) but their numerical 
value is zero outside their own domain of definition. 
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2. REFLECTION PHENOMENA 
Rightgoing and leftgoing solutions may coexist without interaction i  homogeneous regions 
of the computational domain. But when discontinuities are present, interactions between the 
two occur in the form of reflection or scattering. 
We shall examine several types of such discontinuities, viz. 
--downwind boundaries 
--upwind boundaries 
- -mesh refinement 
The reflection processes which are generated by such discontinuities are, of course, spurious 
since they involve leftgoing solutions. The appropriate tool for the analysis of those phenomena 
is that of t-Fourier transforms. By contrast, x-Fourier transforms are much less convenient to 
use. The reason for this difference lies in the simple observation that the frequency to (the dual 
variable of t-Fourier transforms) remains invariant during reflection of sinusoidal waves, whereas 
the wave number ~ (the dual variable of x-Fourier transforms) does not. 
2.1. Reflection at a downwind boundary 
Consider the half-space D = ( -ze,  0] on which (1) is approximated on the regular mesh 
x, = nh. The application of Galerkin's procedure results, at the downwind boundary, in (after 
discrete integration in time with M) 
M(2u o+uJ,) _ (  o_uJl) 
3 c -h " (31) 
When a rightgoing solution (or solution of p type) which originates from D passes across the 
boundary, it is partially reflected in the form of a leftgoing solution (or solution of q type) 
which returns toward D. This spurious reflection process may be expressed in Fourier space 
by taking the t-Fourier transform of (28): 
t~(~) (2~'o(to)+ u--t(to!)= (~(to) - fi'- ~(to)) 
3 -c  ~ . (32) 
Then, using (20a)-(20b), we solve for the ratio'~0/~00 and obtain 
~(to)  ~/1  - ~(~h/c )  2 - 1 
p(to) (33) 
po(to) ~/1 - .~(~h/c) + 1 
which is called the amplitude reflection ratio. 
Each Fourier component of wave number ~p in the incident solution generates a component 
of wave number ~ in the reflected solution, where ~p and ~q are the two wave numbers 
corresponding to the same frequency to through the dispersion relation (7). 
Consider as an illustration the case of a smooth waveform {u °} which is of finite support 
(possibly to within a remainder of negligible energy) imposed at some initial time t o in D. If 
the x-Fourier transform of this waveform is contained in 
I~l ~ [0, ~max); ~max <~ 2rr/3h,  (34) 
then {u °} may be considered as a rightgoing wave packet of wave number I~pl near zero. For 
some large t it will have passed across the boundary, and the reflected solution will be in the 
form of a wave packet of wave number I~ql near ~r/h (or wavelength kq near 2h). While the 
first packet travels at the group velocity G (~ ~ 0) = c, the reflected solution travels at the 
different velocity G (~ = "rr/h) ~- - 3c. The energy reflected at the boundary may be expressed 
Finite-element approximations of hyperbolic equations 
with t-Fourier transforms (as an energy flow) by 
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ER fo' "-' ~ do~ = [p0(to)p(to)l-W(to) - - ,  (35a) 
Tr 
where [p0(to) I is related to the x-Fourier transform of the initial function in D by (30). This 
reflected energy may also be expressed in x-Fourier space as 
(,,,2hl~-~) (2 + cos(~h))d~ 
cR = p(~)l 2 ao 3 "n" 
(35b) 
where P(~), instead of p(to), is derived from the latter by a simple substitution of arguments 
with the dispersion relation (7). 
2.2. Invariance properties 
An interesting property applies to the energy reflected at the boundary in response to a 
given {p0} imposed at some initial time t o in D. When one uses (35b), then it is found, somewhat 
surprisingly, that this energy is strictly independent of At and is equal to the reflected energy 
in the semidiscrete case (i.e. when M is replaced by O/Ot). 
An exact derivation of this, in the form of "invariance theorems," may be found elsewhere 
(Vichnevetsky[ 18]). 
2.3. Reflection at an upwind boundary 
A common (but, as we shall see, erroneous) assumption is that the best way to handle the 
upwind boundary for Eq. (3) is to let the numerical value u~ be equal to the imposed value 
U(0, t0. What is erroneous in this assumption is that it ignores the possibility of the presence, 
near the boundary, of short-wavelength parasitic solutions (of q-type) which may have originated 
inside the computational domain or at a downstream boundary. Those solutions are leftgoing. 
They move as wave packets toward the boundary where they are reflected by the standard 
treatment, whereas a better numerical treatment should attempt o absorb them. Consider at 
first the standard treatment, where 
u~0 = U(0, t0. (36) 
The Fourier transform ~o(to) consists of a leftgoing (spurious) component coming from D 
and a rightgoing component 
~(~)  =~(~)  + ~o(~). (37) 
To find the response to the spurious olution, we let the imposed u~ = 0 and obtain the 
amplitude reflection ratio 
p(to) = ~(~) /~G(~)  = - 1. (38) 
That [Pl = 1 means total reflection. 
Total reflection results in a strict equality of the incident energy (contained in {q0}) and 
the reflected energy (contained in l im~ {pJ,}). By contrast, if the definition (~J = IluLrl~ or 
square of the/.,-norm) were used instead of (14), then energy conservation during reflection 
would not hold. 
An improved treatment consists in schemes in which spurious olutions are absorbed instead 
of reflected. One procedure that can be used is to seek a boundary equation of the form 
UJo = aUJo + bu~; (UJo --- U(O, jAt)), (39) 
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where the coefficients a and b are determined by the following conditions: 
(i) The response to 
should be 
whence 
U{~ = A = constant (40) 
ub = u~l = A, (4l) 
a + b = 1. (41a) 
(ii) The reflection ratio analogous to (38) should have as high a rate of convergence to 
zero as possible when (oh ~ 0. The general expression for p(to) (obtained by letting U() = 0 
in (39)) is 
1 - bEq( tx ( to ) )  
9(t°) = - 1 - b/~,(p.(to))' (42) 
which is of orderO(toh) whenb = - l ,a  = 2; i.e. when 
Uo = 2U0 - u~. (43) 
An interesting eometrical interpretation is that (43) consists of imposing U0 not in x0 but in 
the middle of the first element (x0, xl). Then, instead of (35), 
I + P~¢(,.(,~)! I - ~O. - x /1  - ~:  _ o (o~h) .  (44)  
~(o~) = - 1 + ~, (~( to ) )  = - 1 - ~ + x /q  - ~g~- 
A numerical illustration of the reduction of reflection resulting from this improved treatment 
of the numerical boundary is given in Fig. 6. 
Fig. 6(a). A spurious olution (of q-type) coming from D is reflected in x = 0 by the boundary equation (36). 
Note that the reflected solution has a smaller support in D than the incident solution. This results from the fact 
that the corresponding group velocities are different. (b) The same spurious olution is absorbed by the modified 
boundary equation (43). 
(a) (b) 
Finite-element approximations of hyperbolic equations 743 
! ! i 
h i .  I 
1 
° l 
Fig. 7. Mesh refinement. 
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2.4. Mesh refinement 
Mesh refinement describes the situation where the equation is approximated with a finer 
mesh over a given region of space. It is an interesting case to be analyzed, because one may 
verify analytically the conservation of energy flows in Fourier space. 
Consider as a model a mesh with spacing hL in x < 0 and hR in x > 0 (Fig. 7): 
= ~nhL when n < 0, (45) 
xn I.nhR when n > 0, 
and the approximations on that mesh of Eq. (I) by the discrete equation (3) with h = hL in 
x < 0, with h = hR in x > 0, and by the equation (which results from the strict application of 
Galerkin's procedure) 
+ hR 3 + h (2u~ + u~) = -ck-~L + ~- ]  (46) 
at the interface point x = 0. 




i " - -  i o 
.-1 
Fig. 8. Reflection ratio in mesh refinement. 
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When a rightgoing solution which originates from the left arrives at the interface, then 
part of it is transmitted in x > 0, and part of it is reflected toward x < 0. Proceeding as in 
Section 2.1, we let ~ ,  ~0 and 7-do be the t-Fourier transforms of these incident, reflected and 
transmitted components, respectively, of the solution. Taking the transform of the interface 
equation (46) then allows for the derivation of reflection and transmission coefficients, which 
can be expressed in the form (Fig. 8): 
~o WL(to) - WR(to) 
~o p(oO WL(to) + WR(to)' (47) 
ro 2WL(to) 
= = 1 + p(to) = 
Po Wc(~o) + WR(to) 
(48) 
Here, WL(to) and WR(O~) are the real part of the characteristic conductances in the left and the 
right half-spaces (Eq. (29), with h = hL and h = hR, respectively). 
2.5. Energy conservation i mesh refinement 
In a form similar to that of the constant h case, the energy is defined on the uneven mesh 
as  
(49) 
It is easily verified that e, is invariant with respect o time. To show this, we multiply each 
equation by 
(x.+~ - x ._O(u J .  ~~ + uJ.) (50) 
and sum over all n, to obtain for solutions {uJ,} which are of finite energy, as in Sec. 1.3, 
~{+~ - ~ = 0 (5 l )  
(as before, the finite-energy assumption is needed to eliminate nergy flow terms which appear 
in n = ---~ when the summation is done). 
Consider now an initial {u°}which is (possibly to within a remainder of negligible energy) 
- - in  x < 0 in physical space, 
- - in  I1~[ < 2w/3h in Fourier space. 
That is, {u °} in a rightgoing solution which is initially in the half-space to the left. As t ~ ~, 
this solution will have passed entirely across x = 0, with partial reflections toward x < 0, and 
partial transmission toward x > 0, as described in t-Fourier space by (47), (48). 
Energy invariance should be verifiable by a conservation of energy flows across the in- 
terface. These energy flows may be expressed as 
total energy in the incident wave: 
f; • . = [po(o~)[2WL(co ) d_._p_~. 
total energy reflected toward x < O: 
fo ~c - - ;  "rr 
(52) 
(53) 
Finite-element approximations of hyperbolic equations 
¢ ~ O. 
t ~----8 
~ t ~ I~. 
Fig. 9. Example of partial reflection and partial transmission i  mesh refinement. This case corresponds to 
hR/hL = 5 (i.e. mesh coarsening). 
total energy transmitted to x > 0; 
But, it may be verif ied that 
(l 
which, with (52)-(54),  becomes 




• ~ - tR  = ~r .  (56)  
That is, as expected, there is strict conservation of energy. Important to note is the fact that 
this result holds true with definit ion (49) of  energy. By contrast, no such conservation holds if  
(49) were replaced with the usual square of  the 12-norm. 
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